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Orientation mode selection mechanisms for sheared nematic liquid crystalline materials
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An extensive analysis of the flow orientation modes of sheared liquid crystalline materials is performed
using a complete nonlinear nonequilibrium theory that takes into account short and long range order elasticity
and viscous flow effects. It is found that there are two main orientation modes in sheati fimaplane modes,
where the average molecular orientation is in the shear glai¥ev plane, wherer is the velocity vector, and
(i) out-of-plane modes where the average molecular orientation has a nonzero component along the vorticity
(V Xv) axis. Itis found that there are four in-plane orientation modes, and five out-of-plane modes, depending
on the magnitude of the ratio of short to long range elastidRy, (and the magnitude of the ratio of viscous
force to long range elastic for¢&ricksen number: Br The spatial configuration of the orientation field shows
a bulk region and two boundary layers, which are smoothly and continuously connected by the action of
compatibilization mechanisms. The system has two different compatibilization mechanisms at the boundary
between the bulk and surface layer regiofisscalar order parameter adjustment, éinddirector orientation
changes. The activations of these two mechanisms are self-selected, and depend on the péRanitric
conditions. At lowerR the system easily adopts the scalar order parameter compatibilization mechanism, and
at higherR and at moderate Er the system adopts the director compatibilization mechanism. Multistable
nonplanar orientation modes arise in certain parametric regions. Multistability in nonplanar modes arises due
to possible choices in the direction of the director escape from the shear (pndeft or righ), and the
nucleation time of the out-of-plane orientation. These two degrees of freedom cause the appearance of chirality
in the director field. The nonplanar mode selection and its chirality are stochastic, although the equations are
deterministic. The complete theory unifies previously used classical thébaésind Leslie-Ericksen but its
predictions transcend in number and nature the predictions of the classical thgsi{#83-651X98)05205-2

PACS numbgs): 64.70.Md, 47.50td, 47.54:+r

[. INTRODUCTION unable to describe changes of the scalar order parameter due
to the imposition of flow or due to the presence of defects.
The main influences on the order and orientation of nemThe Doi theory is a theory based on the probability density
atic liquid crystalline(LC) materials under arbitrary flows distribution function(or tensor order paramejehat neglects
are the short range order elasticity, the long range order elaghe long range order elasticity, and is therefore unable to
ticity, and the viscous flow contribution. The short rangedescribe spatial changes due to surface anchoring conditions,
elasticity controls the isotropic-nematic phase transition, andlefects, solitons, banded textures, and other spatially nonho-
directly arises from the intermolecular attractive and repul-mogeneous structure widely reported in the liquid crystal
sive forces such as van der Waals forces and excluded voliterature [1,9-11. The gap between these two classical
ume effectd1]. The long range order elasticity, which is the theories is a tensor theory like the Doi theory, but it also
secondary effect of the intermolecular forces, transmits théakes into account the long range elasticity, like the LE
surface anchoring effect from the bounding surfaces into théheory. A linear version of this equation was proposed and
bulk LC materials, and is commonly known as the Frankused by de Gennes many years &fjp Recently, Tsuji and
elasticity [2]. The viscous flow contribution takes into ac- Rey[12,13 performed an extensive analysis of a complete
count effect of the fluid rate of deformation and vorticity on nonlinear model, that includes short and long range elastici-
the LC molecular field1]. ties as well as viscous flow effects, for shear flow using the
The two classical theories used to describe flow phenomso-called two-dimensional2D) planar orientation restric-
ena in liquid crystalline materials are the Leslie-Ericksention; in this approximation, the eigenvector corresponding to
(LE) theory[3] and the Doi theory4]. The LE theory is used the largest eigenvalue of the tensor order parameter is always
to model, simulate, and explain flow phenomena in low mo~estricted to remain in the shear plane, which is spanned by
lar mass nematicg3,5,6], and the Doi theory has been ex- the velocity and velocity gradients directions. In that work
tensively used for polymeric nematic liquid crystdlsg]. [12,13, the limiting parametric and flow conditions that lead
The two classical theories are applicable only to ideal mateto the convergence of the complete theory to the classical
rial and flow conditions, and thus have limitations in predict-theories were identified. In more detail, when the ratio of
ing real flow phenomena. The LE theory is a vector theoryshort range to long range elasticity is infinitely large, the
that neglects the short range order elasticity, and hence it isomplete theory becomes the LE theory, and, when the ratio
of viscous flow to long range elasticity effects is also infi-
nitely large, the complete theory becomes the Doi theory.
*Electronic address: inaf@musicb.mcgill.ca The complete theory predicts four plariae., 2D orientation
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in the shear planeflow regimes as a function of increasing y
shear rate. The four planar flow regimes predicted by the )
complete theory are modifications of the only planar solution
predicted by the LE theory, and of the three spatially homo-
geneous planar solutions predicted by the Doi theory. The iy
well-known [7,8] cascade of spatially homogeneous planar
flow modes predicted by the Doi theory as a function of
increasing shear rate encompas@gtow shear rate director /
tumbling (rotation), (ii) intermediate shear rate director wag-

ging (oscillation, and(iii) high shear rate director alignment Z
(stationary. Since these planar modes are spatially homoge- (a) (b)

neous, there is no mechanism that can account for fixed sur-

face anchoring in the Doi model. On the other hand, the FIG. 1. (a) Definition of flow geometry and coordinate system.
complete model is able to describe the director bulk rotationn€ Plate separation il. At time t=0 the upper plate is set in
in the presence of fixed surface anchoring by the periodi(’:mt'o_” W|_th a known and constant velochy while the lower plate
emergence of the abnormal nematic stéf?,13 that remains flx_ed. The_<-y plane is the shear _plane, amds r_:llong the
smoothly and continuously connects the time dependent bulfCMicity axis. (b) Director (n) angles, . twist angle;  tilt angle.
orientation with the fixed surface orientation without the hen =0 (¢#0), the director is in a plananonplanay mode.
emergence of singularities. The abnormal nematic state cof-_ . . . . .
responds to the nematic state, at which the two largest eige asic equations, computational methods, dimensionless pa-

values of the symmetric traceless tensor order paranigter ramgters, and initial and boundary cgnditiqns are presented.
ection Il presents the results and discussions. In Sec. Il A

are equal and lying on the shear plane; the abnormal nemat&e classification, nomenclature, main features, and approxi
state was shown to emerge as a unique structure in oth o g ' ' Pp
mate parametric conditions of all the planar and nonplanar

equilibrium processefl4]. The complete model is also able . .
to describe the wagging oscillatory and flow alignmentﬂOW modes predicted by the cpmplete model are given. The
ut-of-plane flow modes are discussed in detail in Sec. Il B.

modes in the presence of fixed orientations. With regard t ! : L . i
the LE theory for nonaligning nemati¢5], the steady state ection [11C _explams the orgin of the mUIt'SFab'“ty of f'°V_V
' gnodes. Section Ill D considers the generalized rheological

winding solutions predicted by this theory at all shear rate Phase diagram. The effect of elastic anisotropy is considered

[1] are, in the complete model, replaced at some critica Sec. Il E. Finall luSi ted in Sec. IV
shear rate by the tumbling-wagging composite mode if short? =€¢: - Finally, conclusions are presented in Sec. 1v.

range elasticity is dominant, or by the flow alignment mode

if long range elasticity is dominant. The complete theory

thus predicts different flow mechanisms, and a different [l. GOVERNING EQUATIONS AND

number of planar flow modes than the two classical theories. COMPUTATIONAL METHODS
The planar flow mode approximation is unrealistic in cer-

tain situations, as demonstrated by many experimglfis

18], and by simulations using the LE thed©—22, and the

Doi theory[23,24]. The main driving forces for 3D nonpla-

nar orientation ardi) the reduction of long range elasticity

by director escape out of the shear plane, éndthe pres-

ence of a flow attractor along the vorticity axis. GQ 6D U
Thus, for more realistic predictions that may lead to an Gt ~ ~ (1-3/2Q:Q)2 (1_ §)Q

explanation of ubiquitous pattern formation phenomena un-

der shear flow[10], it is necessary to remove the planar 1

orientation restriction and allow the effects of long range —U[Q'Q—g (Q:Q)o

elasticity reduction by the director’'s escape from the shear

plane, and of the flow attractor along the vorticity axis. This L,

paper presents a comprehensive systematic study of all the + >

solutions to the nonlinear complete mogi&®] for rectilinear

simple shear start-up flow, in the presence of fixed planar 2

surface director orientation, and in the absence of any orien- + 3 ,8A+ﬁrA- Q+Q-A—- 3 (A:Q) 6]

tation restrictions. The study permits one to identify, based

on the planar mode results, how the nonplanar mode mecha-

nism selects the different 3D flow modes, and in which re- - = B{(A:QQ+A-Q-Q+Q-A-Q+Q-Q-A

gions of the two-dimensional parametric plafi&-R plane 2

the nonplanar modes are observed. These results are essential

to explain the widely reported flow-induced pattern forma-

tion phenomena in polymeric liquid crystald0,11]. The

complete theory captures all the possible anisotropic viswhere G/Gt represents the corotational derivative, dbd

coelastic mechanisms that promote out-of-plane orientationU, L; (i=1,2), », andA are the rotational diffusivity coef-
The organization of this paper is as follows. In Sec. 1l theficient, dimensionless nematic potential intensity, Landau co-

To describe order in a nematic liquid crystal, we use the
second order traceless symmetric tensor order parar@eter
[1]. An evolution equation for the tensor order param&er
is given by(see Ref[12] for detail

+U<Q:Q>Q]+L1V2Q

2
V(V-Q+[V(V-QI"- z ILV(V- Q)]5]

—[(A-Q):Q]4}, @
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efficient [25], viscosity, and rate of strain tensor, respec- Qux Quy Qx:

tively; the rate of strain tensor is defined By=3[(Vv)"

+Vv] whenv is the velocity vector. A linear version of Eq. Q=|Quy Qu Q. (4)
(1) can be found in the book by de Genrjds. Qxz Qyz Qg

In this paper, we study a one-dimensional rectilinear ) .
simple start-up shear flow with Cartesian coordinates, ad he tensor order parameter must satisfy the traceless condi-

shown in Fig. 18). The lower plate is fixed and the upper 10N Qut Qyy+Q,z=0. Also, it is useful to expres® in
plate starts moving at=0 in the + x direction with a known ~ t€rms of elgenvgctorsrw, m, andl) and eigenvaluesu,,
constant velocity/; the plate separation . Thez axis is ~ #m» anduw) [26];
coaxial with the vorticity axis, and the shear plane is spanned _

e T & : = + +
by thex-y directions. Scaling with the shear ragethe plate Q= pann ppmm-+ gl ®

distanceH, and the Landau coefficiett;, the dimension- \wheren is commonly called the director. The director can be

less form of Eq(1), is parametrized with a tilt angleb and a twist angled. The
in-plane director anglep and the out-of-plane anglé are

GQ 6 U measured from the flow direction, on tkey andx-z planes,
Erge =R T (1-3/20:0)2 ((1—§)Q respectively, and are shown in Fig(bL At the bounding

surfaces we assume th@tis uniaxial, and use planar fixed

1 5 anchoring condition with an equilibrium scalar order param-
—U|Q: Q-3 (QQ)5|+U(QQQ( [+VQ eter, as follows:
L,* . Qy*=0)=Q(y* =1)=S"{nns—3), (6)
+ =51 V(V-Q+[V(V-Q)] _ —
and set the surface directog parallel to the flow direction:
2 1
~3 tr[V(V-Q)]6
n=|0]. (7)
2 2 0
+Er 5 BA*+B{A*-Q+Q-A*— = (A*:Q)6
3 3 In Eq. (7), S*%is the equilibrium scalar order parameter,

1 given in the Doi theonf4] by
— 5 Bl(A*:QIQ+A*-Q-Q+Q-A*-Q

1 3 1/2
e0— _ 4+ _
S 4 * 4

8
1— —

30 ®

+Q-Q-A*—[(A*-Q):Q]4} |, )

Equation (6) indicates that the surface is treated as rigid;
more complex boundary conditions that treat the surface as
where* denotes a dimensionless quantity, and where the diviscoelastic[27] are possible, but they are not used in this
mensionless paramet& is the ratio of short range order study due to the absence of experimental data that would
elasticity to long range order elasticity, and the dimensionwarrant its need.
less parameter Er is the Ericksen number which represents To compute the director’'s escape from the sheay
the ratio of viscous force to long range elastic force, as folplane during shear start-up flow, it is necessary to take into
lows: account the effects of thermal fluctuations on the tensor order
parameter field prior to the imposition of the shear flow,
D* since they allow symmetry breaking with respect to the shear
R= (33 plane. It is important to note that performing shear start-up
simulations with an initially planar director field will always
yield planar director modes and miss all the relevant phe-
and nomena. Throughout this paper we refer to a director field
with n,=0 as the in-plane mode, and to a director field with
PHV n,#0 as the out-of-plane mode. In this work we use an
L (3b) infinitesimal white noise on the initial director field. Thus

Er=

Q(O<y*<1t*=0)=S*Y(n"n"—14), (9a)
The commonly used Deborah number is given by
coseé)
Er pVH? n"=|0 , (9b)
De= E: D—* (30) Sln(sf)
wheren™=n(t* =0, 0<y*<1), =10 *(7/180), and¢ is
For general 3D orientation conditions, the tensor order paa Gaussian noise.
rameterQ has six independent components, and in the Car- Throughout this work we se8=0.9 (see Ref[28] for
tesian coordinate shown in Fig. @, is defined as detaily andU=6. The chosen value for the Landau coeffi-
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cientisL,=2L, for all except explicitly mentioned cases. In OEA OoTP OEC[1] |[OTC
the uniaxial limit of the order parametgtt,# =g inEqQ. | || - || ===
(5)], this can be expressed in terms of the Frank elasticity e W e W
coefficient as follows:K;=3K,=K; [25]. The selected ® ®
ranges for the dimensionless parametrand Er are &R OEC[R] |L== | e | B |
<10* and O<XEr<10>. |7 ran
The fourth order Runge-Kutta method and the second or- = T
der finite difference method are used for the time and space - .
integration of Eq.(2). The computational conditions are the  |— — _é_
Runge-Kutta time step widtht* =103, and the spatial dis- RY
cretization widthAy* =10"2. Convergence and validation B o 12184 5 . —
criteria were performed using standard methpts. by ; W
S; 1 W X
Ill. RESULTS AND DISCUSSION | . — 8 \§
A. Solution modes and flow mechanisms Er' .___3’;__,
1. Classification of solution modes —-—’-—IV =
In this section, we define the nomenclature, and classify §
and characterize all the stable solutions to Egk.(6), and %
(8). Each stable solution corresponds to a specific director i

mode. In Refs[12,13, we presented the following four pla-

nar solutions{1) in-plane elastic driven steady Stat&), (2) FIG. 2. Rheological phase diagram as a function of the ratio of

in-ol tumbli - ite StatE) (3) in-ol short- to long-range elasticityR) and the ratio of viscous flow to
in-plane tumbling wagging composite stat#), (3) in-plane long-range elasticity effectéEr), and corresponding director con-

wagging st_ate(l\_N), and (4) in-plane viscous drlv.en steady figurations. There are eight flow regimes in the parametric space of
state (IV); in this paper, we present the following out-of- £ 5,4R and nine flow modes. Lines represent flow regimes tran-
plane modes(5) out-of-plane elastic driven steady state with gjions. The dotted line shows the transition between in-plane and
a chiral structurdOEA), (6) two out-of-plane elastic driven oyt.of-plane modes. The arrows represent the director, and the
steady states with chiral structy®ECn] (n=1 or 2], (7)  empty circles are the abnormal nematic state. See text.
out-of-plane tumbling-wagging composite state with periodic
emergence of a2 chiral structure(OTP), and (8) out-of-  rows, and the dashed lines denote the bounding surfaces
plane tumbling-wagging composite state with chiral structurgy* =0 and 2; the fixed director surface orientation is de-
(OTO). WhenR is large, the in-plane elastic driven steady noted by the arrow lying on each dashed line. The symbol
state is similar but not identical to that predicted by the LEdenotes a director orientation along the vorticity axis. The
theory. WherR and Er are sufficiently large, the bulk behav- main features of the spatial distributions are that two modes
ior (i.e., they*~0.5 region of the three planar modes are (IE and OE€2]) display one monotonic region behavior,
similar but not identical to the Doi solutions of tumbling, while the other sevedT, IW, IV, OEA, OEC([1], OTP, and
wagging, and aligning stat¢g,8], while the behavior at the OTC) display a boundary layer and bulk region behavior. In
surface layers are characterized(byabnormal nematic state the latter the boundary layers are indicated by two thin lines
for IT mode, (ii) decreasing wagging amplitudes in the IW parallel to the dashed lines. The dynamics of the director for
mode, andiii) orientation boundary layers for the IV mode. the transient modedT, IW, OTP, and OTQ are indicated as
Figure 2 is a schematic of the rheological phase diagranfollows: the double arrowheads represents director wagging
given in terms ofR and Er, clearly indicating the parametric (oscillationg, and the full circle with an arrow represents
regions where the four planar modes and the five nonplanatirector tumbling(rotation). The director orientation of the
modes are stable. The figure shows the presence of eigldwer surface of the insets corresponding to QHCand
regions, within which one, two, or four stable flow modes areOTC shows thah=(—1,0,0) and that the modes are chiral.
predicted. The dashed line containing regions 2—-5 denoteBhe full twist shown in the inset for OHE] shows that this
the parametric envelope within which the out-of-planemode is also chiral. In addition, as shown below, the OTP
modes exist and are stable; outside the dashed line envelopgode exhibits periodic chirality.
(regions 1, 6, 7, and)®nly stable planar modes exist.Rfis Figure 3 shows the classification of the nine flow modes
sufficiently low, stable nonplanar modes do not exist at anyredicted by the complete theory for rectilinear shear start-up
Ericksen number. IR is sufficiently high, the stable nonpla- flow in terms of planar and nonplanar director orientations.
nar modes share a boundary with the planar elastic-drivefhe chart shows that planar modes can exhibit four types of
steady state modéegion ) at lower Er, and with a time transient(IW and IT) or steady state solutior¢E and V).
dependent tumbling-wagging composite mddegion § at  On the other hand, nonplanar modes show only an elastic-
high Er numbers. Thus out-of-plane modes arise wherRthe driven steady statéODEC, OEA and tumbling-wagging com-
and Er numbers have significant magnitudes. The nine insefsosite (OTP, OTQ modes. However, the high dimensional
surrounding the sides and top of the rheological phase diadirector orientation generates director chirality, and the total
gram are schematics of the main characterization of the dinumber of the nonplanar flow modes is five.
rector orientation profiles and the director dynamics. In the The parameters and conditions that lead to the various
nine insets the director orientation is denoted by thick arsolutions is explained in detail below. The main distinguish-
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Flow Regim:
Elastic-Driven o) egimes

Steady State (IE) 1 2 3 4 5 6 7 8

Tumbling-Wagging

composite State (IT) OEA » OEA
i In-Plane Mode — OEC[1] H
Wagging State (IW) IE - OEAH ! > T FP I\ }—ﬂ v
OTP H
OEC[2] — OTPH.
Viscous-Driven #E :l-[:
Steady State (IV) ! oTC
L - i
Sﬁesatra SIéJve I Achir(a(lj?;\;:dure o~ Er
Elastic-Driven
Steady State Chiral Structures Er Ere Ere Ere Ers Eres Ery
(OEC[1], OECI[2])
Out-of-Plane

FIG. 4. Flow modes and eight regimes as a function of increas-

Mode Achiral Structure

Twnb“ngwagm{ OTP) ing Eri(_:ksen(Er) number. Flow mode tre_msitions occur at criti_cgl Er
composite State Chiral Structure (Ergi, i=1,..,7. The out-of-plane region3, 4, and % exhibit

(0T0) solution multiplicity. With increasing Er, the in-plane modes are
replaced by out-of-plane flow modes ¢(Br, and eventually re-

e . ) . . emerge at a high Er (k) value.
FIG. 3. Classification of flow modes in terms of dimensionality

of director field(planar and nonplanpand chiral properties of the

director field(chiral structure and achiral structuyeSee text. (6) Out-of-plane elastic-driven steady state with chiral struc-

ture (OECQn])

In this nonplanar mode, the director shows steady twist
ing features of these nine flow modes are briefly summarizedtructures, with am# (n=1 and 2 radian difference be-
below. The solutions are naturally classified as in-planaween the anchoring angles at the lower and upper bounding
modes(IE, IT, IW, and IV) and out-of-plane mode®EA,  surfaces, but without the presence of defects or disclinations.
OEdn], OTC, and OTPR. The different anchoring conditions are smoothly connected
(1) In-plane elastic-driven steady stdt&) by the chiral director structure. A similar OEZ] solution is

The steady state of this planar mode arises due to the longredicted by the Leslie-Ericksen equatidi24].
range order elasticity stored in the deformed tensor orde{7) Out-of-plane tumbling-wagging composite state with pe-
parameter field. In this planar mode there is no orientatiorfiodic chirality (OTP)
boundary layer behavior, because there is no flow alignment In this nonplanar mode, the bulk director dynamics is pla-
in the bulk region. nar and rotational, and in the two boundary layers is nonpla-
(2) In-plane tumbling-wagging composite st4t&) nar oscillatory. The spatial profiles of the periodic director
In this time dependent planar mode, the director dynamicgnotion are antisymmetric. The director field exhibits peri-
in the bulk region is rotational and in the boundary layers itodic chirality; that is, after a cycle ofi2chirality the director
is oscillatory. The boundary between the bulk region andield enters a cycle of achirality, and thus after eaehra-
each boundary layers is characterized by the periodic emetation cycle of the bulk director the system periodically es-
gence of the abnormal nematic state, which is characterizesentially recovers the spatially homogeneous director con-
by two equal eigenvalues of the tensor order paranfetey  figuration[i.e., n~(1,0,0) for Osy*<1).
“n=um> ), and allows for a smoothly defect-free transi- (8) Out-of-plane tumbling-wagging composite state with
tion from the rotational bulk region to the fixed director an- chiral structure(OTC)
choring at the surfaces by a director resetting mechanism The director dynamics is in-plane rotational in the bulk
(see Ref[12] for technical details region, and out-of-plane oscillatory in the boundary layers;
(3) In-plane wagging statdW) the directors at the upper and lower bounding surfaces have
In this planar mode, the director dynamics over the entireopposite directions, and the system never recovers to the
flow geometry is periodic oscillatory with an amplitude that spatial homogeneous director configuration.
decreases from a maximum at the centerline to zero at the It is very important to characterize and understand the
two bounding surfaces. order in the emergence of the flow modes at sufficiently high
(4) In-plane viscous-driven steady stadt¥) R as a function of increasing Ericksen numbers. Figure 4
In this planar mode, the director profile shows a flow-shows a schematic of the flow mode structure cascade as a
aligning bulk region and two boundary layers. On traversingfunction of increasing Ericksen numbers, where the symbols
the boundary layers, the director rotates from the aligningcorrespond to the solution modes described in this subsec-

angle to the flow direction at the wal[&4]. tion. There are seven critical Ericksen numbe¢gs,;, i
(5) Out-of-plane elastic-driven steady state with achiral=1,...,7), and eight flow regions which numbers correspond
structure(OEA) to those in Fig. 2. The out-of-plane flow modes exist in the

In this nonplanar mode, the director shows steady twisintermediate regimes 2, 3, 4, and 5, while the in-plane modes
structures, and the twist angle profiles are symmetric witlexist at the low regime 1 and the higher regimes 6, 7, and 8.
respect to the centerline. The steady state arises due to the the lowest Er region 1, the only solution is the IE flow
long range order elasticity. Similar solutions were presentednode. However, above certain critical Er instead of the
by the Leslie-Ericksen solutioqd9—22. On going for the stable in-plane flow mode, the OEA flow mode emerges.
bottom to top bounding surface, the net director twist rota-With further increase in Er, two stable solutiofSEA and
tion is nil. OE(2]) exist within the same Ericksen number inter¢a-
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gion 3. The OEQ2] solution becomes the OTP flow mode w

above Eg; (region 4. In region 5, two more out-of-plane |

solutions(OE{ 1] and OTQ arise in addition to OEA and L’ ))T—""
OTP, and thus four stable out-of-plane solutions exist. At l

Er.s, the four out-of-plane solutions cease to be selected, - [y

and the system exhibits the IT flow mo¢tegion 6. Finally,
regions 7 and 8 show IW and IV flow modes, respectively. FIG. 5. Schematic of the utilized visualization of the tensor

The transitions and multistability of the flow modes are dis-order parameter as a rectangular parallelepiped. The three eigenval-
cussed in Sec. Il C. ues and three eigenvectors of the order parameter tensor are simul-

taneously visualized. The three axes of the figure are parallel to the
2. Classification of compatibility mechanisms between bulk ~ three eigenvectors &, and the length of each edge is proportional
director motion and fixed surface anchoring to the three eigenvalues @f. For example, in the isotropic case, the

] ] ) __ parallelepiped becomes a cube.
In Ref.[12], it was discovered that the director rotation in

the bulk region that exists for the director tumbling mode CanOTC) which were briefly mentioned above. The exact na-
b_e smoothly and cor!tinuously compatibilized With. th_e ﬁxedture 6f the mechanisms needed to achieve .these flow modes
director at the bounding surfac_es, through the P?”"d'c CMELill be discussed in Sec. 1l C. For direct visualization of the
gence of the abnormal nematic state. As mentioned abov rder parameter field, we use a parallelepiped which

the Ebnorgzl eneS;?tgns(,jta}[theu;nt;vevo di?;éroer ggfnngg,liﬁz’ aL’rfr‘nakes possible the simultaneous presentation of the three
jclﬁr:a';Uz;lti,(:lll relgtivé angle of the bulk director can be rese igenvectordn, m, andl) and three eigenvaludge,, fm,
P y 9 nd u,). Figure 5 shows a schematic of the parallelepiped

by 7 radians. In the present work we have discovered an- AN .
other compatibilizing mechanism between the bulk directorrepresemm@’ the three axes of the figure are parallel to the

rotation and the fixed surface anchoring. This additionalthree eigenvectors dp, and the longitude of each edge is

compatibilizing mechanism is achieved by a nonplanar direcproportlonal to the three eigenvalues @f For example, in

S L the isotropic case the parallelepiped becomes a cube. It
tor tempor_al OS.C'"at'On within the boundary lay«(fsil de- should be mentioned that since the summation of the three
tails are given in Sec. Il B

While the dominant feature for the abnormal nematic Statglgenvalues Is always zero, to draw the parallelepiped we

compatibilizing mechanism is the change in the scalar ordeapply a shift factore=0.53 to the eigenvalues @.
P ng 9 {A) Out-of-plane elastic-driven steady state with achiral
parameter(eigenvalues of the tensor order parametésr

. : ; ... structure(OEA)
the out-of-plane director configuration compatibilizing o L .
e . X X - This is a steady state flow mode that exists in regions 2-5
mechanism it is the change in the director orientatiigen-

vectors of the tensor order paramegteéPepending on the of the phase diagrarfsee Fig. 2 Figure 6 shows the scien-

arametric conditiongi.e., values of Er an®), the system tific visualization of the tensor order parame@rmas a func-
P o ! y tion of dimensionless tim¢* and dimensionless distance

admits the order parameter or the director compatibilizingg* for Er=200 andR=1000 (De=0.2). The director’s es-

mechan!sms. The scalar order parameter compatibili;in ape from the shear plane appears close to both the upper
Vrc;chi:;\]nlscrgmlesgﬁe trr:% dZYI:Stf(Ie omw :;)oége ;zszltigeditrlggtglrmgénd lower bounding surfaces tdt~ 15, and the out-of-plane
99ing P X front propagates toward the center line region.tAt=100

compatibilizing mechanism leads the system to the out-of . .
plane tumbling-wagging composite state either with periodicthe steady state has been reached, and the director field is

chirality (OTP flow modé or with 7 chiral structure(OTC chgracterized by a bulk region align(_ad alor_lg the vorticity
flow mode. In addition, in certain regions of parametric axis and two boundary layers essentially aligned along the

space, both mechanisms appear during the initial transientélpw d'll’eCtIOI’l. The nature of thg director's escape mecha-
nism is the avoidance of the high free energy state, and

i thereby the director out-of-plane rotation occurs at the
B. Out-of-plane solution modes(OEA, OEC[n], boundary layer close to the bounding surfaces where the gra-
OTP, and OTC mode9 dient in the director field is highest. Once the out-of-plane
In this section, we discuss in detail the structure of theorientation nucleates near the surface regions, it is easily
out-of-plane solution modesOEA, OEQn], OTP, and transmitted to the bulk region by the long range elasticity.

1.0

0.8

. 06
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0.2

0.0
0 10 20 30 40 50 60 70 80 90 100

FIG. 6. Scientific visualization of the tensor order parameter as a function of dimensionless*tjraaq distancey(* ), for Er=200 and
R=1000 (De=0.2). The figure shows the typical OEA flow mode at relatively low Er.
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FIG. 7. Scientific visualization of the tensor order parameter as a function of dimensionlessttiman@ distance \*), for Er
=1000 andR=1000 (De=1). The empty circles represent the emergence of the abnormal nematic state. The figure shows the typical OEA
flow mode at relatively high Er. The out-of-plane nucleation time increases with increasiegrgpare with Fig. b

The out-of-plane configuration reduces not only the directoreaching the steady out-of-plane profile.

in-plane high gradient field, but also eliminates the rotational Figure 8 shows the time trajectory of the directomo-

viscous flow effects. When the director is oriented parallel totion into thex-y shear plane at the centerling*(=0.5), for

the vorticity axis(the z axis), the flow has no rotational ef- Er=1000 andR=1000 (De=1), corresponding to Fig. 7.

fect on the director, and thus the director is easily pinnedrhe director motion converges to the vorticity axis,Y)

down by the long range order elasticity. The boundary layer=(0,0) with a damped rotational motion.

thickness containing the in-plane orientation decreases with Figure 9 shows the steady spatial profiles of the out-of-

increasing Er. plane twist angle as a function ofy*, for Er=200 (solid
Figure 7 shows the computed scientific visualization oflin€), 500 (dashed ling and 1000(dotted ling, and R

the order parameter tensor field as a function of dimension=1000. With increasing Er, the bulk region where the angle

less timet* and dimensionless plates distangt, for Er is close to zero becomes wider, and at sufficiently high Er,

=1000 andR=1000 (De=1). The circles in the figure rep- the mode is of boundary layer type. Han and Rg] re-

: . _ported a supertwisted out-of-plane director profile using the
resent the abnormal nematic states. The system entire P . _
keeps the in-plane director profile untfl ~45. Fort* <45, E’E theory, while in the present work, the maximum devia

the profile looks essentially like the in-plane tumbling- tion of the director from the shear plane is close to e

wagging compositélT) mode (the abnormal nematic states radians, and the supertwisted director configuration has not
99ing P . been observed. There are at least two possible reasons for the
appear close to both the upper and lower bounding surfac

g Ny g . ‘?ﬁedicted maximum director angle. First, the viscous flow
at t*~13 and 3). At *~45, the transition from the in effect has a out-of-plane attractor along the vorticity axis

Flsvmi g]Od:ditr? the rc;ut-of-vg?llﬁ?e tdeebrTurCrlr?aItens rt;loze tci t:?:{l. In addition, the long range elasticity acts to reduce the
ower bou g surface, € the abnormal Nematic Stal 4y inhomogeneity of the tensor orientation field, and the

still appears clos_e to t_he upper bounding surface._ Then thl homogeneity becomes higher with an in-plane director ro-
out-of-plane configuration near the lower surface dlsappear%tion’ but lower with the out-of-plane rotation. Thus the

and_the entire system almoén.ut noF complgtely recovers long range elasticity also promotes orientation along the vor-
the in-plane homogeneous orientation profilé*at 68, and ticity axis

then att* ~80 the out-of-plane mode nucleates near the up-

per bounding surface. After this early stage, that culminates 120
with the in-plane to out-of-plane orientation mode transition, -
the director oscillates with decreasing amplitude, eventually 100 |~ __—oo==o-ol -
B - ‘/// A e "\\\\' )
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FIG. 9. Steady profiles of the director out-of-plane angles a
FIG. 8. Time trajectories of the director at the centerligg ( function of y*, for Er=200 (solid line), 500 (dashed ling and
=0.5), for E=1000 andR=1000 (De=1), corresponding to Fig. 1000 (dotted ling, andR=1000. All the profiles correspond to the
7. For the OEA flow mode the director eventually orients along theOEA flow mode. As Er increases, the director bulk region where
vorticity through damped oscillations. the angled shows a plateau region of about 90° becomes wider.
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FIG. 10. Scientific visualization of the tensor order parameter as a function of dimensionless*timend distance y(*), for Er
=1000 andR=1000 (De=1). The figure shows the typical OTA flow mode at relatively low Er.

(B) Out-of-plane tumbling-wagging composite state withrotation in the bulk regiorii.e., the bulk director angle is

achiral structurdOTP) 27), and a homogeneous director profile results because
.The_ oTP mode is a time dependen_t periodic_ mode tha, .= — (—ny); this can be seen in Fig. 10 &t~37 and 70.
exists in regions 4 and 5 of the phase diagfaee Fig. 2 A To demonstrate clearly the nature of the out-of-plane

distinguishing characteristic is that it displays a tumbling in-compatibilization mechanism which smoothly and continu-
plane core region and two wagging out-of-plane surface laypysly connects the director rotation in the bulk region to the
ers. In addition, the chirality of this mode is periodic, in fixed anchoring at the bounding surfaces, a time series of the
which each achiral cycle is followed by a cycle in which the comnyted spatial trajectories of the direatospatial profiles

direct_or profile hgs 2 chirality. In the in.—pllqne tumbling- (thick full and dashed lingsare shown in Figs. 18)—11(f),
wagging compositéiT) mode, the compatibility between the for Er=500 andR=1000 (De=0.5), corresponding to Fig.

director tumbling in the bulk region and the fixed anchoring : " ) . *
at the bounding surfaces is achieved by the periodic emerl-o' The time conditions for the figures &@ t* =0, (b) t

gence of the abnormal nematic stffe?]. In the abnormal 10, (c) t*=15, (d) t* =20, (¢) t* =25, and(f) t* =30. In
nematic state, the director is undefined, and thus it is able tH]e figure, da}shed Ime; denote trajectories segments 0c-
smoothly connect the tumbling director bulk region with the ¢luded from view. The filled squardll) denotes the center-
fixed director at the bounding surfaces. However, it is foundin€ (y*=0.5) orientation. At the* =0, the trajectory is a
that in the present out-of-plane OTP mode the compatibilityP@int at(1,0,0 due to the essentially homogeneous director
between the bulk region and the fixed surface orientation iéeld. The point spreads, propagates clockwise along the
achieved without the periodic emergence of the abnormagquator[t* =10, Fig. 11b)], and then the line splits into a
nematic state, but instead through the wagging out-of-planélosed ring due to the out-of-plane nucleatjoh= 15, Fig.
surface layers. The reason for this difference is that at lowet1(c)]. At t*=20 [Fig. 11(d)], the ring becomes almost a
Er long range elasticity is stronger, and promotes directocircle along the longitude, and this state represents the 2
compatibility modes, while at higher Er the flow is easily chiral structure of the director configuration. Through the 2
able to modify the scalar order parameters, and the compatwist configuration, the ring moves to the opposite side of the
ibility is through the abnormal nematic staterder param- spherg(i.e.,y<0—y>0), and eventually shrinks back to the
eter modg initial point (1,0,0. It is very important to emphasize that the
Figure 10 shows the scientific visualization of the tensordirector time trajectory at the centerline always shows a
order parameter field for Er500 andR=1000 (De=0.5).  clockwise rotation on the equatdre., in-plane tumbling
As in the initial transients of the OEA flow mode, the out- The centerline in-plane tumbling is smoothly connected with
of-plane orientation nucleates at points close to the boundinthe fixed anchoring conditiojn=(1,0,0)], without any sin-
surfaces at*~15, and then the out-of-plane front propa- gularity or discontinuity, and when the bulk director rotates
gates toward the centerline. However, the out-of-plane comby 27 radians the system almost recovers the homogeneous
ponent does not reach the centerline, and the bulk regiostate. Thus the system periodically repeats the achiral-chiral
near the centerline retains the in-plane tumblingationa)  structural change, corresponding to the iB-plane rotation
dynamics. The boundary layer regions close to the boundingf the bulk director.
surfaces shows out-of-plane waggifascillatory behavior, Figure 12 shows a scientific visualization of the tensor
known as kayaking-tumbling behavip23]. When the bulk order parameter field for Er1000 andR=1000 (De=1).
director rotates byr radians in the shear plane, the director Until t* ~45, the bulk director rotation is connected with the
in the bulk regionn,,, and at bounding surfaces, are an- fixed anchoring condition at the bounding surfaces through
tiparallel (n,,=—n); this can be seen at ~20, 55, and the scalar order parameter compatibilizing mechanism. At
85. In principle, both in-plane and out-of-plane boundaryt* ~45, the nonplanar orientation nucleates close to the
layer configurations are possible to smoothly connect the twéower plate, and then the gap between the bulk director ro-
orientations. In the former case, the gradient in the directotation and the fixed anchoring at the lower plate is filled with
field increases with further rotation of the bulk director, un-the director compatibilizing mechanism. However, until the
less the director resetting occurs by emergence of the abnoout-of-plane nucleates close to the upper platgf at80, the
mal nematic state, which is the mechanism adopted in the IScalar order parameter compatibilizing mechanism is em-
mode. In the latter case, however, the out-of-plane configuployed between the bulk director rotation and the fixed an-
ration recovers to the in-plane configuration after a further choring at the upper plate. Finally, fof >80, the director
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self-selection of the system flow mode is strongly dependent
on the initial noise on the tensor field, although the noise
amplitude is infinitesimally small. A full explanation of this
multistability will be given in Sec. Il C.

(C) Out-of-plane elastic-driven steady states with chiral
structure (OE(N])

This is a steady state mode that exists in regions 3 and 5
of the phase diagrantsee Fig. 2 As mentioned abovey
shows the number of rotations of the director angle, when
going from the bottom bounding surfacg*(=0) to the top
bounding surfacey* =1). Thus the director twist angle
measured from th& direction satisfies:

Uole(y*)dy* =nm. (10

In the case of an achiral structures-0. In the present work,
we found s and 27 chiral structures for the OEC modee-
gions 3 and 5 in Fig. R

Figure 13 shows the scientific visualization of the tensor
order parameter field for Er120 and R=1000 (De
=0.12). The steady state solution is the QE[dnode. The
out-of-plane tumbling nucleates close to the upper bounding
surface at* ~21, and close to the lower bounding surface at
t*~25, while the bulk directors try to retain the in-plane
tumbling behavior. However, the rotational dynamics in the
bulk are eventually quenched by the establishment ofra 2
chiral director structure. In thes2chiral director structure,
the tilt angle ¢ is nearly zero over entire flow regime at
steady state. As shown in Fig. 2, the JBTonly occurs at

FIG. 11. Director spatial trajectories on the unit sphere, for Erlower Ericksen number§egion 3 in Fig. 2, where the rota-
=1000 andR=1000 (De=1): (a) t*=0, (b) t*=10, (c) t*=15, tional viscous flow effect is relatively low. At* =0, the
(d) t* =20, (e) t* =25, and(f) t* =30. The director motion on the long range elasticity effect, which is the driving force to
equator is continuously and smoothly connected with the anchoringchieve the steady state at low Ericksen numbers, is negli-
condition(1,0,0, through the movement of a ringlike profile on the gible, and thus the bulk director starts rotating, even though
sphere. Att* =20, the trajectory is along the sphere’s longitude, the director is nearly along the flow direction where the ro-
and this represents a director twist configuration withmachiral tational speed is small. At steady state, the long range elas-
structure. See text. ticity has a higher contribution than &t =0, due to the

spatially inhomogeneous72chiral structure of the director

compatibilizing mechanism appears at both lower and uppetonfiguration, and thus the long range elasticity contribution
regions and the system adopts the OTP mode. It should bean balance the rotational viscous flow effect. If the Ericksen
noted that the parametric conditions of Figs. 7 and 12 ar@umber is higher, the rotational viscous flow effect over-
identical (Er=1000 andR= 1000, and this parametric con- comes the long range elasticity effect, and the system cannot
dition corresponds to region 5 in Fig. 4. As mentioned aboveachieve a steady state, and it becomes an OTP flow mode.
within region 5 there are four possible solution modes. TheThe 27 chiral structure was also captured by Han and Rey
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FIG. 12. Scientific visualization of the tensor order parameter as a function of dimensionless*timend distance y(*), for Er
=1000 andR=1000 (De=1). The empty circles represent the emergence of the abnormal nematic state. The figure shows the typical OTP
flow mode at relatively high Er. The out-of-plane nucleation time increases with increasifgpfpare with Fig. 10 Note that the
parametric condition is the same as Fig. 7 for the OEA flow mode, showing that the system exhibits multistability.
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FIG. 13. Scientific visualization of the tensor order parameter as a function of dimensionlesst*timen@ distance y(*), for Er
=120 andR=1000 (De=0.12). The figure shows the typical OEX} flow mode. At the steady state of this state, the director field has a
21 twist when going from upper to lower bounding surfaces.

[22] USing the LE theory, but it arises through a differentsurface it remains unchangaﬂfwer:(llo,())_ Thus the sys-

mechanism. o tem boundary condition switches from the parallel anchoring
Figure 14 shows the scientific visualization of the order upper_ nlsower) to the antiparallel anchoring condi-

arameter field for E+1000 andR=1000 (De=1). The condition (s
: , lowety " and this antiparallel director is

i upper_ _
solution is representative of the OEG mode. After the gﬁqnoogﬂf conngcted ith the twisted director confiquration
early state of the in-plane tumbling mode, the out-of-plan y w W ! guration.

orientation nucleates close to the lower bounding surface :'Ehe switching is self-selected. Since after tife~45 the
t*~47. However. at the same time. close to the uppe@bnormal nematic state never reappears, the antiparallel an-

bounding surface the abnormal state emeiges the circle choring conditiqn remains for all times. Keepir_lg_ this _struc-
in the figure. The director out-of-plane tumbling at the up- t_ure, the bulk director saturates along the vqrnmty axis, and
per side of the flow geometry occurs tt~65. The bulk finally the system reaches a steady state with ehiral di-
director rotatesw radians between*~47 and 65. Att* rector configuration.

~52, while the orientation angle difference between the bul{D) Out-of-plane tumbling-wagging composite state with
director and the fixed director at the lower bounding surfacechiral structure(OTC)

is essentiallyr radians, the difference between the bulk di-  This is a time periodic mode that exists in region 5 of the
rector and the director at the upper bounding surface is alphase diagranisee Fig. 2 In the OEC flow mode, there are
most zero. The net effect of the emergence of abnormal nemwo types of possible solutiong.e., n=1 and 3, as men-
atic state is to smoothly connect the bulk director orientatiortioned above. However, in the OTC flow mode, thehiral

with the bounding surface for each rotation of the bulk (n=1) solution is the only solution.

director. Furthermore, the fixed director at the bounding sur- Figure 15 shows the scientific visualization of the tensor
face can be reoriented by the emergence of the abnormakder parameter field for Er1000 andR=1000. As in the
nematic state either fromg to —ng, or —ngto ng. On the  OEJ1] flow mode, ther chiral structure is created due to
tensor order parameter level, there is no distinction betweethe one sided emergence of the abnormal nematic state at
the head and tail of director, and its orientation is self-t*~62. The mechanism to achieve the chirality of the
selected. Att* ~45, while the upper side of the orientation director configuration is exactly the same as it is for the
field is homogenized due to the emergence of the abnorma&@EJ 1] mode. However, in the OTC mode, the bulk director
nematic state, the lower side of the field shows the out-ofretains the in-plane tumbling dynamics, and never attains a
plane mode, and the bulk director and the director at th&teady state. The director out-of-plane tumbling nucleates
lower bounding surface are connected by thehiral struc-  close to lower and upper bounding surfaces periodically and
ture. The director at the upper bounding surfacg?®, is  alternatively. For example, at =100, the out-of-plane ex-
changed fron{(1,0,0 to (—1,0,0), but at the lower bounding ists aroundy* =0.1, and at* =115 it is aroundy* =0.9. It
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FIG. 14. Scientific visualization of the tensor order parameter as a function of dimensionless*timend distance y(*), for Er
=1000 andR=1000 (De=1). The empty circles represent the emergence of the abnormal nematic state. The figure shows the typical
OEd1] flow mode at relatively high Er. Note that the parametric condition is the same as Fig. 7 for the OEA flow mode, and Fig. 12 for
OTP flow mode, thus showing that the system displays multistability.
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FIG. 15. Scientific visualization of the tensor order parameter as a function of dimensionless*jmand distance \(*), for Er
=1000 andR=1000 (De=1). The empty circles represent the emergence of the abnormal nematic state. The figure shows the typical OTC

flow mode at a relatively high Er. Note that the parametric condition is the same as Fig. 7 for the OEA flow mode, Fig. 12 for OTP flow
mode, and Fig. 14 for the OHA] mode, thus showing that the system displays multistability.

should be noted that the chirality’s signtdt=100 and 115 the two boundaries are connected with the longitude line
are opposite. At* =100, the director exhibits counterclock- passing through the north pole, showing the pure twisted
wise 7 rotation in going from the lower to upper bounding director mode with a counterclockwise director rotation in
surfaces, while at* =115 the director rotation is clockwise. going from the lower to upper bounding surfaces. Subse-
To characterize this chirality exchange, a time series ofjuently, in Figs. 1) and 16c), a reverse orientation starts
the spatial director trajectories corresponding to Fig. 15 isand propagates to the negatizeandy face of the sphere,
shown in Figs. 16)—16(i). The corresponding times afa) and when the reverse orientation reaches the top surface, the
*=87, (b) 92, (c) 94, (d) 100, (¢) 107, (f) 109, (g) 110, (h) director trajectory is the longitude line passing through the
112, and(i) 115. The meaning of the dashed line and filledsouth pole. The profile at* =100 [Fig. 16d)] shows the
square are the same as in Fig. 11. The periodic emergence plire twisted director configuration with clockwise director
the abnormal nematic state at only one surface layer caus@sopagation from the lower to upper bounding surfaces, and
the surface orientation exchange from parallel to antiparallethereby a chirality reversal of the director configuration is
such thamnlPP®=(1,0,0)= — nl®"" At t* =87, [Fig. 16@)],  achieved smoothly and continuously. The clockwise director

FIG. 16. Director spatial trajectories on the unit sphere, for F800 andR=1000 (De=1): (a) t* =87, (b) t* =92, (c) t* =94, (d)
t* =100, (e) t* =107, (f) t* =109, (g) t* =110, (h) t* =112, and(i) t* = 115. The figure shows the typical OTC flow mode. Because of the
7r chiral structure of the system, the trajectories are anchorétd @0 and (- 1,0,0).
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TABLE I. Out-of-plane mode selection as a function of out-of-
plane nucleation tim¢or Am (difference in number of abnormal
nematic states in the upper and lower surfagesd differences in IS
the out-of-plane rotation sensam=m"PPe—m/o"e" is the differ-
ence between the number of abnormal nematic states that appear in
the upper surfacenf“?*®) and lower surfacer'®"®).

OO OoOOoR

[ [ I [
0 25 50 75 100 125 150 175 200

t*
Odd number of Even number of

Am Am é .
Same director rotation OTC mode OEA mode X 8:
direction in the upper and 0.
lower surface regions 0.
Different director rotation OEC mode OTP mode

direction in the upper and
lower surface regions

Y
cocoococor

configuration recovers to the counterclockwise configuration
(i) through the same procedure as from counterclockwise to
clockwise, but through the opposite face of sphifas.
16(e)—16h)]. In the OTC mode, this jumping-rope-like pro-
file evolution continues periodically.

C. Solution multiplicity and probabilistic properties 2
of the selection mechanisms

*
O O O

| |

In Sec. Il B, we presented four out-of-plane structures as 0 25 50 75 100 125 150 175 200
well as discussed the transient processes that lead to their
emergence. As shown in Figs. 2 and 4, in region 5 four
out-of-plane solutions appear at the same parametric condi- FIG. 17. Computed gray scale images of the out-of-plane com-
tions. For example, for the parametric condition @r, ponent|n,| typical of the four flow modesta) OEA, (b) OEC 1],
=(1000,1000), four stable flow mode$OEA, OTP, (c) OTP, andd) OTC. White:n,= = 1; black:n,=0. The paramet-
OE(1], and OTQ may be selected with different probabili- ric conditions are E+ 1000 andR= 1000 for all figures. These flow
ties. In the computational experiments, E, (6), and(8) modes are caused by the coupling of the degrees of freedom in the
are solved with different random seeds, so that the infinitesidirector rotation direction and out-of-plane nucleation time. See text
mal initial noise is different for each run; we have performedand Table .

more than 20 runs for each parametric condition. From theSﬁ.l region 5 of phase diagraftOEA, OEQ2], OTP, and
results, it is found that the infinitesimal noise on the initial OTC) are directly related to these tv’vo degre,es of f’reedom.
condition strongly affects the mode selection mechanism 1pe out-of-plane structures are shown in Figs(al?
through the time and direction of the director’'s escape froml7(d) as gray scale images for the out-of-plane component
the shear plane. The director can escape from the shear plamaz| as a function ofy* andt*, for the four out-of-plane

by a positive or negative twist, which decides whether themodes, at E¢ 1000 andR=1000 (De=1). In the figure,

solution eventually adopts a steady state solution or a per, corresponds to planar orientatiom,€0), and white
odic solution. On the other hand, the chirality of the solution;,  ,ientation along the vorticity axisn{==1). Figure

is decided by the out-of-plane nucleation time. It turns out17(a) is representative of the OEA flow mode. This mode
that the out-of?plane nucleation .ti.me is directly related to theshows closed ringlike out-of-plane wave propagation within
differenceAm in the numbem' (i is the upper or lowgrof o increasingly whiter background, indicating that eventually
times that the abnormal nematic state emerges during the pulk orientation is along the vorticity axisee Fig. 2
initial transientls in the upper and lower surface Iayers,,;igure 17b) is representative of the OED mode, and
Am=m”pp:)r\;e[n °"¢!. For example, in Figs. 7 and 18" g5 5 square wave within an increasingly whiter back-
=4 andm™=2, and the out-of-plane nucleation times for 4royng propagation, again indicating that eventually the bulk
the upper and lower regions ag"*~80 andt,"'~45; in  qrientation is along the vorticity axiésee Fig. 2 Figure

Fig. 14, mUPPe=3, m'ower=2 ¢ 1P~ 65, andt"**'~45; and,  17(c) is representative of the OTP mode, and shows perma-
in Fig. 15,m"PPe=4, mo"e'=3, {80, andt,™"*'~65. I nent ringlike out-of-plane behavior with a dark band at the
what follows, we use out-of-plane nucleation time akih  centerline, indicating that in-plane tumbling is always
interchangeably. This noise controlled degree of freedom ipresent in the bulksee Fig. 2. Figure 17d) is representative
the system dynamics occurs independently at the upper araf the OTC mode, and is characterized by a square-wave-like
lower surface regions. Table | shows the classification of thepermanent out-of-plane behavior with a dark band at the cen-
flow modes according to the director out-of-plane directionterline, indicating that in-plane behavior is always present in
andAm. The table shows that the four nonplanar flow modeghe bulk (see Fig. 2

t*
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these modes in terms of relative twist rotation signs and out—eect—o0—% @ — g —w @ —»
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of-plane nu_cleat|on t|me_ are as fp!lows. The d!recto.r out-of
plane rotation can be either positive or negative with equal—»> -+— — *+— —» =-— —» -— —»
propabll|ty. The resulting possibilities for .the two surfacg O O — O —— O — @ > @ »
regions are1) both the upper and lower regions have a posi- —#=-—<————#— ———
tive twist angle,(2) both have a negative twist angl@) the In-PlaneMode | MixMode | Outof-Plane Mode
r region h iti i i
upper region has a positive twist angle f_;md the lower re_glon(b) OTG Mode (Odd Number of Am)
has a negative one, arid) the upper region has a NEQAtIVE  mrmi...ctlimmm....oommilim...omm ..o ..ol
i i it W O-—O— > & — H — § —
twist angle and the lower region a positive one. Due to mir- » > « > . > < .
ror symmetry, caseél) and (2), and case$3) and (4), are — - — .- — - — - —>
. . —_— -— — -— — -— — -— —
equivalent. .In the case.that Fhe upper and lowerregionshavi_g a— —p dt— — 4— —b o— —n
the same director rotation directippase(l) or (2)], and the —™>O4—O—»-O4—O0—WO=-— ¢ - @
. . . upper T e e e i W
fixed directors at the surfaces are the safne., ng | |
In-Plane Mode Mix Mode Qut-of-Plane Mode

=nl"®", the bulk director also rotates out of plane in the
same direction as the two boundary layers, and finally essen- FIG. 18. Schematic of the system transient process from the
tially aligns parallel to the vorticity axis where the rotational in-plane mode to the out-of-plane mode, fef the OTP mode and

viscous flow effects vanish. As a result of this choice in (b) the OTC mode. The arrows show the director, and empty circles
escape mechanism and elimination of rotational flowin the figures show the abnormal nematic state. Both the OTP and

torques, the system easily reaches the OEA steady state chg{TC_mOde$ have two transient processes and one final periodic
. - . S State:(1) an initial in-plane flow stagg2) an intermediate spatially

acterized by a bulk director aligned along the vorticity and. : .

i p wwisted | On the other hand. when th in-plane and out-of-plane mixed flow stage, which connects the

WO surface twis e. ayers. ©n e.o e.r and, w gn e UBhitial stage and the late stage; a(8) a late out-of-plane flow

per and lower regions have opposite director rotation direc:

stage.
tions [cases(3) and (4)], and the fixed directors at the sur- 9

. | .
faces are the santee., ng"**=no"®"), the bulk @rectqr MUst  states appear at both surface lay€p$;the intermediate mix
pass through the shear plane at the centerline. Since the Ghoge stage, during which both nonplanar orientation and
rector is close to the shear plane, due to the strong rotationahnormal nematic states appear at different surface layers;
viscous torques the long term behavior displays periodic 10z (3) the late stage stable nonplanar mode. Here it should
tational director dynamicgOTP). However,uwgren thgwfg(ed be emphasized that, as mentioned above, after each emer-
directors at the surfaces are oppogite., n;""*=—n"),  gence of the abnormal nematic state, the fixed director at the
the relation between the director out-of-plane rotation d'recbounding surfaces is reversed. In the OTP mode, the homo-
tion and the system dynamics is different. When the uppegeneous director profile in the first column changes to the
and lower regions have the same director rotation d'reCt'OfP\omogeneous reversed profile in the second column, since
agg’erthe fll)cfv%g directors at the surfaces are oppoSie, the bulk director rotates by radians and both the upper and
ns"=—ng""), the system reaches a steady state, since thewer surface directors are reversed due to the emergence of
center of asr chiral director structure must pass through thethe abnormal nematic states. Then, in the third column, the
vorticity axis at the centerline. When the upper and lowerprofile recovers to the almost same configuration as the first
regions have different director rotation directions, and thecolumn through the same mechanism present in going from

fixed directors at the surfaces are oppodite., n;?®= " the first to second columns. However, in the fourth column,
- n's"‘”er), the system adopts a transient state with a tumblinghe = twisted director configuration appears. The lower sur-
bulk director. face director is reversed by the abnormal nematic state, but

Next we discuss the effect of the degree freedom in théhe upper director is not, since the out-of-plane nucleation
out-of-plane nucleation time. Depending on the out-of-planerises at the upper region. In the fifth column, the homoge-
nucleation time, the number of abnormal nematic states dumeous profile is achieved again, at which the bulk director
ing the transient process varies, and, as mentioned above, théents along the same direction as the upper surface director
abnormal nematic state is the major factor of the nucleatiothrough the rotation, and the lower surface director is re-
of = chirality. Both the abnormal nematic state and out-of-versed to the same direction as the bulk director by the ab-
plane nucleation require high director gradients, and the sysiormal nematic state. Finally the out-of-plane nucleation
tem selects either the abnormal nematic state or the out-o&lso occurs in the lower region in the sixth column. The
plane nucleation compatibilizing mechanism at the timeupper region also shows the out-of-plane twisted configura-
where the director field has high gradients. tion, and the system shows ther Zhiral structure at this

Figure 18 shows the schematic of the transient processtage. After the out-of-plane is nucleated at both upper and
that describes the transition from the in-plane mode to théower regions(i.e., after the system is totally transformed
out-of-plane mode fofa) the OTP mode, an¢b) the OTC into the out-of-plane modethe surface director reversing
mode. The arrows represent the director orientation, th@ever occurs, and the system periodically shows the achiral
empty circles represent the abnormal nematic state, and tlend 27 chiral structures. On the other hand, in the OTC
crossed circle the director orientation along the vorticity axismode, Fig. 18) shows the same process as the OTP mode
The dynamics of the process have the following three disuntil the fifth column of the director configuration. However,
tinctive stages(indicated below each schematiql) the since the abnormal nematic state still appears between the
early planar mode stage, during which abnormal nematidifth and sixth columns, the sixth column shows thehiral
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FIG. 19. Director out-of-plane componenj as a function of
dimensionless timet{) at y* =0.05 (full line) and 0.95(dashed FIG. 20. Probability distributior? of the numbem of the ab-
line). The in-plane to out-of-plane transition occurs close to thesenormal nematic state that emerges before the out-of-plane nucle-
spatial positions. The increasingly larger small peaks show the agtion, for Er=350, 800, and 1000. For Er350, the transition al-
cumulation ofn,, eventually reaching a critical value at which the ways occurs am=0, and the distribution becomes wider and its
out-of-plane director escape occurs rapidly. peak position moves to highen as Er increases.

structure. The lower region out-of-plane nucleation occurs irshoWs the probability distribution of the number of abnormal
the seventh column, and the lower surface director canndi€matic states for Er350, 800, and 1000, arid=1000. As
recover to the same direction as the upper surface directds’ decreases, the distribution becomes narrow, and its peak
anymore. As a result, the system permanently keeps the r@oSition tends tan=0. When Er= 350, there is no freedom
versed surface directors, and the out-of-plane twisted profile§ the out-of-plane nucleation time. As Er increases, the di-
appear alternatively at the upper and lower regions. Since thi&ctor's escape from the shear plane slows down because the
one period of out-of-plane wagging is twice as long as that of?-Plane flow attractof23] tries to suppress the out-of-plane
in-plane tumbling, it directly shows that, for an even numberc@mponent accumulation process described in Fig. 19, and
of Am, the upper and lower surface directors have the sam@bove a certain critical Er the flow attractor prevails over the
direction (OTP modg, and for an odd number akm the out-of-plane attractor a_md the system changes to the in-plane
directors have opposite directions and the system shows ti{low mode. At a relatively lower Er, the system has only

 chiral structure OTC mode. achiral structures, except the OEETmode, since botm"PPe
Figure 19 shows the evolution of the director out-of-planeandm*"*" are always equal to 1. This distribution is used to
component, at y* =0.05 (dashed lingandy* =0.95 (full compute the observation probability of the four out-of-plane

line), for Er=1000 andR= 1000 (De=1). The initial noise (OTC, OEA, OEC, and OTPmodes. Table Il shows the
condition is the same as that used to find the solution showRPServation probability as a function of the Ericksen number
in Fig. 11. Since the director rotation directions wt  fOr €ven numbers and odd numbersiah. As Er increases,

=0.05 and 0.95 are opposite, the components have differeﬂ?@yond the critical value of 500, the probability of chirality
signs. The absolute values of display a train of pulses Increases from zero to 50% at£1000. As Er decreases,
whose amplitudes increase with increasing time. Comparing‘e observation probability for an odd mode continuously
with Fig. 11, the peaks correspond to the emergence of the€Creases to zero, and thus the system continuously de-
abnormal nematic state. At the small peaks, the abnorm&reases the_ degreg of solutpn multiplicity, eventually enter-
nematic state emerges instead of the out-of-plane mode. AlNd the achiral region 4see Fig. 2

ter each peak, the out-of-plane component decays but does Finally, obse_rvat|on probablllt_les (_)f all the fIO\_N modes for
not recover to zero, and the residual out-of-plane mode ac@! the flow regimes are shown in Fig. 21. In this figure, the
cumulates more and more after each successive pulse. EvepfoPabilities are plotted for each flow mode, and thus for any
tually the accumulated twist exceeds a critical value, and jETicksen number the sum of the probability is 1. For ex-
rapidly grows toward its maximum valuef{=+1). Before

the out-of-p|ane nucleation occurs, the abnormal nematic TABLE Il. Observation probability for chiral and achiral modes
emerges four times in the upper region and twice in theds @ function of the Ericksen number. Er: Ericksen numbanr
lower region. Since the accumulation is small and slow in the= m**P®—m*"*" difference between the number of abnormal nem-
early stage, the infinitesimal noise can directly affect the pro@!ic states that appear in the upper surfane’t®) and in the lower
cess. As a result of the noise effect, even if the equation iSurface m®).

deterministic and the noise on the initial condition is infini-
tesimally small, the in-plane to out-of-plane transition is sto-

Observation probability Observation probability

chastic. As mentioned above, the most important effect of of even nur_nber of of odd nur_nber of
. . . . . Am (achira) Am (chiral)
this stochastic transition occurrence time is its control of the
chirality. Thus the system chirality also arises stochasticallygr=500 100% 0%
The number of abnormal nematic states during the trangr=g800 60% 40%
sient procesgor, equivalently, the out-of-plane nucleation gr=1000 51% 49%

time) is strongly affected by the Ericksen number. Figure 20
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= OEA 3 FIG. 22. Organization of flow modes for high elastic anisotropy.
E OEC[1] L ne_ The out-of-plane flow regime is wider and spreads into the wagging

OEC[2] @ regime, when compared to that for lower elastic anisotr@eg Fig.

‘ ’ ‘ ‘ ‘ 4). Higher elastic anisotropy promotes out-of-plane flow modes by
OTP a reduction of long range elasticity.
OTC

. which they are found becomes wider with increasiigBe-
Ericksen Number - causeR is the ratio of the short range to the long range
elasticity, if R is high, the system tends to keep the equilib-
FIG. 21. Flow mode observation probability as a function of therium scalar order parameter. The in-plane tumbling-wagging
Ericksen number. The figure presents the concept of flow regimgomposite flow mode is allowed through the periodic emer-
transitions in terms of the Change in the observation probabilitygence of an abnormal nematic state, where the scalar order
with increasing Er. For example, the smooth change in the obsenarameter decreases by the high gradient in the director field
vation probaplllty causes the transitions from regime 2 to 3, an hrough the long range order elasticity, and thus this mode
also from regime 4 to 5. See text. requires a lowR or a strong in-plane attractor. In other
words, at highR the short range elasticity also help the di-
ample, for region 1 the probability of an IE mode is 1 andrector to escape from the shear plane to minimize the change
others are zero, and for region 4 the probability of OEA andn the scalar order parameter, and a stronger in-plane attrac-
OTP flow modes are almost 0.5, and the others are zero. THer is needed to retain the director in the shear plane.
reason for the transition between regimes 2 and 3 arises from
the loss of freedom in the director rotation direction. The E. Effect of elastic anisotropy

boundary layer thickness increases with decreasing Er, and To examine the effect of the elastic anisotropy on the

thus the two qut-of-plane hucleation points be_come Clos.erout-of-plane phenomena, computations have been performed
When the points come closer than a certain correlation

length, their rotation directions are also restricted by eacr\N'th different values of the elastic anisotropy raio
other, and then the system loses the @BGow mode and L,
changes from regime 3 to regime(fee Fig. 2 It is impor- e= i
tant to emphasize that, as mentioned in Sec. Il, all the simu- !
lations we performed using the initial condition given by Two representative cases=0 and 9, are chosen for low
Egs. (93 a_1r_1d(9b), and that t_he sele_c_ted stable flow mOdes’and high elastic anisotropy. The case 0 corresponds to
fo_r a specific set of parametric conditions are those shown 'ri‘sotropic elasticity(i.e., K; =K,=K3), ande=9 corresponds
Fig. 21. to K;=K3=10K,, in the limit of uniaxial nematic ordering.
) _ It is well known that the ratio oK, to K, is the most effec-
D. Rheological phase diagram tive parameter for the director out-of-plane phenomena, since
At this stage we are now able to present a more technicghe out-of-plane phenomena are caused by the lower energy
description of the phase diagram, shown in Fig. 2. In Refof the director twisted configurations. Thus it is obvious that
[13], Tsuji and Rey reported a rheological phase diagram fothe out-of-plane phenomena easily occur for highewhile
the in-plane case, where no out-of-plane modes are includefr lower e the energy reduction by the scalar order param-
Since the stochastic data require a huge computational taskier may be easily employed by the system.
we have not found the exact transition lines. The approxi- It is found that fore=9 the out-of-plane flow regime
mate locations of the transition lines, including the out-of-spreads to the higher Ericksen number; the out-of-plane to
plane flow modes, are adopted from extensive computationaif-plane transition occurs in the IW regime. As a result of
results. From the structure of Fig. 2, one can see that ththis spreading of the out-of-plane regime, the out-of-plane
out-of-plane flow regimes are superimposed over the highewagging flow mode appears, in addition to the flow modes
Ericksen number IE regime and the lower Ericksen numbefor e=9. The structure of the flow modes with increasing Er
IT regime. The high gradient in the orientation field can beis shown in Fig. 22, for the high elastic anisotropic case (
achieved at the high Ericksen number region in the IE flow=9). Energy reductions caused by the director’s escape from
mode, and also all over the IT flow regime. At the highthe shear plane become larger with increaseygand a
Ericksen number region in the IT flow mode, as mentionechigher Er is required to retain the director within the shear
above, the in-plane attractor of the viscous flow, which in-plane. In the lower Ericksen number IW regime, the bulk
creases with increasing Er, prevails over the out-of-plane a#irector periodically has an angle almost orthogonal to the
tractor by the long range elasticity. The out-of-plane flowflow direction, and this angléor the gradient in the orienta-
regimes appear above a cert&n and the interval of Er on tion field at the boundary layebecomes smaller with in-
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creasing Er. When the angle becomes small enough and the The proliferation of flow modes is due to the fact that
viscous flow in-plane attractor becomes strong enough, ththere are two mechanisms to compatibilize the bulk director
system changes into the in-plane flow mode. rotation to the fixed director at the bounding surfadesby
Intuition would suggest that in the case of isotropic elas-changing the scalar order parameter, &ncby changing the
ticity, the elastic driving force for director escape from thedirector orientation. The former compatibilization mecha-
shear plane should not exist. However, the in-plane to outrism is adopted by the IT mode, and causes the director
of-plane transition is also confirmed fer=0. While the ac- resetting mechanism through the abnormal nematic state. On
cumulated maximum angle of the bulk planar director withthe other hand, the latter compatibilization mechanism leads
respect to the fixed surface orientation should increase withthe system either to the OTP mode or to the OTC mode,
out bounds at certain extreme parametric conditions, th#&here the mechanism appears as the out-of-plane wagging at
maximum out-of-plane director angle is at mest2. Also, the boundary layers. As clearly shown in the rheological
by achieving the out-of-plane configuration, the system caphase diagran(Fig. 2), the selection of the compatibilization
avoid the abnormal nematic state which increases the sysaechanism depends on the parametric conditions.
tem’s energy at higR. Thus it is expected that with decreas-  Multistabilities and stochasticity of the flow modes are
ing e the out-of-plane flow regime becomes narrower, and dound in the out-of-plane flow regimes. The flow mode se-
higherR is required to achieve the out-of-plane flow mode.lection at the multistable regimes is strongly coupled with
These findings clearly show that elastic anisotropy is notlegrees of freedom in the director dynami@s:the director
always necessary to promote the emergence of nonplanaut-of-plane rotation direction, andii) the out-of-plane
shear flow modes. nucleation time. The rotation direction controls the system
dynamics(steady state or periodic statend the nucleation
time controls the system chirality. The maximum number of
IV. CONCLUSIONS multistable solutions are clearly explained in terms of the

In this paper, we have performed an extensive analysis o‘fOUpl'Sg of theshe two d:{ag:ees gf freedgm. Also, the” transtl)—
the flow orientation structure of liquid crystalline materials, 1ONS between the out-of-plane flow regimes are well estab-

using a complete nonlinear tensor theory. The Onejished with the probability of these degrees of freedom. In
dimensional rectilinear simple shear start-up flow was fuIIyOther words, the loss of these degrees of freedom causes the

characterized for unrestricted self-selected 3D orientatiof@nsitions. . "
fields. High anisotropy in the long range elasticity causes the

In addition to four in-plane flow modes IE, IT, IW, and spread of the out-of-plane flow regimes, gnd causes other
IV, five out-of-plane flow modesOEA, OEG1], OEJ?2], flow modes such as the out-of-plane wagging state. On the
OTP, and OTG are found in the parametric space which is other hand, isotropic elasticity results in narrower Er inter-
spanned bR (the ratio of short range order elasticity to long valz on wh|chh01|1t-of-plz_ane regimes exist, but the nonplanar
range elasticity and Er (the ratio of viscous force to long MCUES nevertheless exist. . I
range elastic forge The OEA mode is a steady state at The complete tensor t_heq[;tZ] IS bqsed ona qn|f|cat|on
which the steady twist angle profiles are symmetric with re.Of the classical nonequilibrium theorlgs of liquid crygtrals,
spect to the centerline, and arises due to the long range ord@Vea.dy use_d by de Genngs| to_ de.SC_“be the nonequilib-
elasticity, like the LE out-of-plane solutions. The OFG rium isotropic phase of a nematic liquid crystal under shear.
modes are also steady states, where the director shows stea predictions of the com.p_lete theory transcend the nature
twist structures, with am7z (n=1 and 2 radian difference 0 th? flow, and the transitions predicted by the classical
between the anchoring angles at the lower and upper bounﬁ:‘eor.'es' The_ transcendence is .reflected by the emergence of
ing surfaces. These structures are created without the pre ansient chiral modes, transient out-of-plane ' rotational

ence of defects or disclinations. The OTP is a periodic stat ode_s, and mixed planar-nonplanar mod_es, and by 'Fhe_sto-
at which the director dynamics is planar rotational in thechastlc nature of out-of-plane mode selection. These findings

bulk region, and nonplanar oscillatory in the two boundaryare being used to explain the ubiquitous pattern formation

layers. The director field exhibits the periodic emergence oprocesses of nematic liquid crystalline materials under flow.

27 chirality. The OTC is a periodic state where the director
dynamics is in-plane rotational in the bulk region and out-of-
plane oscillatory in the boundary layers. The major differ- One of us(A.D.R) gratefully thanks the Natural Science
ence from the OTP mode is that the directors at the uppesind Engineering Research Council in Canada for their finan-
and lower bounding surfaces have opposite directions, andal support. Also, we would like to thank Dr. W. H. Han
the system never recovers the spatial homogeneous directtMIST) for the useful discussion on ther2chiral structure
configuration. creation of the LE model.
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